ABSTRACT
INTRODUCTION
The description of the motion of immersed bodies in fluids is present in several manufacturing processes, e.g. sediment transport and deposition in pipe lines, alluvial channels, chemical engineering and powder process [1] [2] [3] [4] [5] [6] . Several works could be found in technical literature which investigated the spherical particles in low and high concentration [7] [8] [9] . A particle falling or rolling down a plane in a fluid under the influence of gravity will accelerate until the gravitational force is balanced by the resistance forces that include buoyancy and drag. The constant velocity reached at that stage is called the "terminal velocity" or "settling velocity". Knowledge of the terminal velocity of solids falling in liquids is required in many industrial applications. Typical examples include hydraulic transport slurry systems for coal and ore transportation, thickeners, mineral processing, solid-liquid mixing, fluidization equipment, drilling for oil and gas, geothermal drilling.The resistive drag force depends upon drag coefficient. Drag coefficient and terminal velocities of particles are most important design parameters in engineering applications. There have been several attempts to relate the drag coefficient to the Reynolds number. The most comprehensive equation set for predicting D C from Re for Newtonian fluids has been published by Clift et al. [10] , Khan and Richardson [11] , Chhabra [12] and Hartman and Yutes [13] .
Comparing between most of these relationships for spheres, demonstrates quite low deviations [14] .
The most of mentioned applications involve the description of the particle position, velocity and acceleration during time e.g. classification, centrifugal and gravity collection or separation, where it is often necessary to determine the trajectories of particle accelerating in a fluid for proposes of design or improved operation [15, 16] . Unfortunately, there are few studies in the literature in the filled of rolling particles and the major part of the available investigations are related to the use of a rolling ball viscometer to measure viscosity of liquids [5, 6] . Hasan [7] studied the role of wall effect on the rolling velocity of spherical particles in Newtonian media. He found a very limited correlation for (d/D) > 0.707 as follows:
Where, Reynolds number is defined as follow:
Where Re, d, and D, are the particle Reynolds number, particle diameter and tube inner diameter respectively. Chhabra et al. [12] presented a valuable experimental work for drag on spheres in rolling motion in inclined smooth tubes. They used an enough number of sphere made of glass and steel with four smooth walled glass tubes of different diameter. They used numerous aqueous solutions of glycerol and glucose syrup to cover a wide range of Reynolds number. The angles of inclination and sphere-to-tube diameter ratios were varied from 3 to 30 and 0.114 to 0.58, respectively. Therefore, the Reynolds number range was 6 
10
− < Re < 3000. They had 900 data points to define their empirical correlations. It was concluded that the sphere-to-wall diameter ratio (d/D), is not a significant parameter at the 95% confidence level. Consequently, the authors presented a three-part equation as follows: 
Eqs. (3) (4) (5) predict the transition points within about 5%, and correlates the experimental set of data within an average error of 8%. To describe a general correlation covering the experimental data we describe a new correlation using Chhabra et al. experimental points [12] as: (6) The third term in the right hand side of the Eq. (6) is important in low Reynolds number and its effect vanish by increasing of the Reynolds number and reduction of the drag coefficient. Eq. (6) is in very good agreement with results of the reference [12] and correlates the data with average error of 8.4883%.The maximum difference between values of Eqs. (5) and (6) .Aside from mentioned work of Chhabra et al. [12] , all other surveys of the rolling motion of the particles are related to open channels [12] [13] [14] [15] . In reality, when a sphere is rolling in a tube, the wall exerts an extra retardation effect on it due to upward motion of the fluid through the eccentric annular gap between the particle and the wall this issue distinguishes the mechanism of rolling in tubes from open channels. It is clean that a few studies are performed on rolling motion of particles, especially in tubes while it is an important practical issue both in nature and industry. Moreover, most of the previous studies in particles motion and sedimentations are experimental or numerical. However, an exact analytical expression is more opportune for engineering calculations, and is also the evident starting point for a better understanding of the relationship between the physical properties of the sphere-fluid combination and the accelerated motion of the sphere. In addition, In contrast to steady-state motion of particles much less has been reported about the acceleration motion of spherical particles in incompressible Newtonian fluids. The accelerated motion is relevant to many processes such as particle classification, centrifugal and gravity particle collection and/or separation, where it is often necessary to determine the trajectories of particles accelerating in a fluid [14] . Furthermore, for other particular situations, like viscosity measurement using the falling-ball method or raindrop terminal velocity measurement it is necessary to know the time and distance required for particles to reach their terminal velocities. In this case study, similarity transformation has been used to reduce the governing differential equations into an ordinary non-linear differential equation. In most cases, these problems do not admit analytical solution, so these equations should be solved using special techniques. The differential transform method is based on Taylor expansion. It constructs an analytical solution in the form of a polynomial. It is different from the traditional high order Taylor series method, which requires symbolic computation of the necessary derivatives of the data functions. The Taylor series method is computationally taken long time for large orders. The differential transform is an iterative procedure for obtaining analytic Taylor series solutions of differential equations. Differential transform has the inherent ability to deal with nonlinear problems, and consequently Chiou [17] applied the Taylor transform to solve non-linear vibration problems. Furthermore, the method may be employed for the solution of both ordinary and partial differential equations. Jang et al. [18] applied the twodimensional differential transform method to the solution of partial differential equations. Finally, Hassan [19] adopted the Differential Transformation Method to solve some problems. The method was successfully applied to various practical problems [20] [21] .
The aim of current study is the analytically investigation of acceleration motion of a spherical particle rolling down an inclined boundary with drag coefficient in form of Eq. (3), using the Differential Transformation Method (DTM). Investigation and solution of falling objects' equation is a new application for DTM which was used for some other engineering problems. 
PROBLEM DEFINITION
Consider a spherical particle of diameter d and density of ρ s rolling down a smooth tube having angle of inclination a with the horizontal, and filled with an incompressible Newtonian fluid of density ρ Let u represent the velocity of the sphere at any instant t and g the acceleration due to gravity. Figure. 1 illustrates a schematic view of the present problem. Figure. 1 a schematic figure of current problem [15] The forces acting on the spheres are the fluid-drag, F D , fluid lift force, F L , buoyancy force, F B , gravitational force, F g , solid-solid resistance force due to rolling, F R , virtual mass force, F VM due to relative acceleration of the fluid around the particle. It is reasonable to postulate that since smooth walled tubes have been studied, F R is expected to be negligible (or alternately F D + F R can be regarded as the total resistance to sphere motion, which is included in the drag coefficient). The all of detail of problem was explained at [15] .The equation of motion is gained as follow from [15] : 
To simplify the post processes of the problem we had generated four coefficients in the equation above. Therefore, Eq. (7) is reduced to:
With change of variation as bellow we obtain velocity,
By substituting Eq. (11) into Eq. (6) we will have:
Eqs. (8) and (14) are non-linear ordinary differential equations which could be solved by numerical techniques such Runge-Kutta method. We employed DTM and compared our results with numerical solution of 4th order Runge-Kutta method using the Maple package. 
DIFFERENTIAL TRANSFORMATION METHOD
) ( ) ( 0 k X H x n k k ∑ =       = τ τ )
(
Eq. (19) 
APPLICATION OF DIFFERENTIAL TRANSFORMATION METHOD
The other boundary conditions are considered as follow:
As mentioned above for next interval, ( )
By assuming that 0 U is apparent from boundary condition by solving Eq. (30) respect And for achieve higher accuracy we use sub-domain technique as described above. By substituting Eqs. (9-12) into Eq. (25) and Eq. (36), an exact solution for ) (t w and ) (t u can be obtained which is only related to the particle and the fluid properties.
RESULTS AND DISCUSSION
The mentioned method was applied for real combination of solid-fluid. A single Aluminum spherical particle with versus diameter was assumed to roll down a smooth inclined plane in an infinity medium of Ethylene-glycol, glycerin solution and water. Required physical properties of selected materials are given in Table 2 . In the modeling, Aluminum with density of s ρ = 2702.00 kg/m 3 is used for dispersed phase (particle).Inserting above properties into Eqs. (9) to (12) ,different combinations are gained which are classified in Table 3 .
By substituting above coefficients in Eq. These figures clearly illustrate that how different diameters affect the displacement and velocity and acceleration of particles while other conditions are equivalent. Observably, it is shown that the value of the displacement and velocity and acceleration in a rolling procedure is significantly increased with adding to the particle size. The variation of displacement and velocity and acceleration of the particle versus time for the different inclination angles are shown in Figs. (5-7).
Figure.5 displacement variation of a spherical particle rolling in a tube for different angles Figure. 6 Velocity variation of a spherical particle rolling in a tube for different angles Figure. 7 Acceleration variation of a spherical particle rolling in a tube for different angles For a given the fluid viscosity, by increasing inclination angle, displacement and acceleration duration are increasing. Results show that increasing of inclination angle increases the terminal velocity as well as acceleration and displacement. Outcomes illustrated that higher acceleration is obtained for larger inclination angle. Variable displacement and velocity for sphere which its fluid is water, results of the present analysis are tabulated and comprised with the numerical solution obtained by fourth-order Runge-Kutta method in Table 4 and 5. In this case, a very interesting agreement between the results of two methods is observed which confirms the excellent validity of the DTM.
CONCLUSIONS
In this paper, Differential Transformation Method (DTM) is applied to obtain the solution of the unsteady motion of a spherical particle rolling down an inclined tube in a Newtonian fluid. Equation was solved generally and for some real combinations of solid-liquid. Instantaneous velocity, acceleration and position were obtained as results and outcomes were compared with Runge-Kutta method solution. Very good agreement has been seen between numerical and current analytical method. Results show that for a given condition of particle and fluid, an increase in inclination angle, α, results in an increase in terminal displacement and velocity and acceleration. Current work approved the simplicity and capability of Differential Transformation Method. Solution of equation of motion for an object rolling down an inclined boundary is a new application of DTM and could be used in wide area of scientific problems, especially hydraulic and sedimentation engineering.
